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 Abstract: Reduced Differental Transform Method (RDTM) which is one of the useful 
and effective numerical approximate method is applied to so lve nonlinear time-dependent 
Foam Drainage Equation (FDE). Also, we compared the presented method with the famous 
Adomian Decomposition and Laplace Decomposition Technique. So, the results of giving 
examples demonstrated that RDTM is a powerful tool for solving nonlinear PDE, it can be 
applied very easily and it has less computational work than other existing methods like Adomian 
decomposition and Laplace decomposition. 
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1. Introduction 
 
 Most of the natural events, such as chemical, physical, biological, is modelled by a 
nonlinear equation. Besides exact solutions, we need its approximate solutions in terms of 
applicability. Therefore, a lot of approximate, numerical and analytic methods are developed 
and applied for nonlinear models [12-21]. 
 Foam drainage which is a natural event described the process by which fluid flows out 
of a foam [2-3]. Since than many technological and industrial applications have been 
developed for foams, which include cleansing, water purification, minerals extraction [2-3]. 
 More than ten years ago, given studies by Verbist and Weaire described the main 
features of both free drainage [5], [11], where liquid drains out of a foam due to gravity and 
forced drainage [11], where liquid is introduced to the top of a column of foam. In second 
state, a solitary wave of constant velocity is generated when liquid is added at a constant rate 
[10]. So forced foam drainage may be the best prototype for certain general phenomena 
described by nonlinear differential equations, particularly the type of solitary wave which is 
most familiar in tidal bores. The model developed by Verbist and Weaire idealizes the 
network of Plateau borders, through which the majority of liquid is assumed to drain, as a set 
of N identical pipes of cross section A, which is a function of position and time as in show 
[9], (1)-(2). 
 
 In this context, We investigate the famous time-dependent nonlinear forced channel-
dominated foam drainage equation (FDE) to solve as numerical with reduced differential 
transform method (RDTM) [9] 
 
 
(1) 
 
 
where  and  are location and time respectively. In this case of forced drainage, it’s solution 
is stated that [9] 
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where  is the velocity of wave front [11]. If we substitute  and rearrange 
the equation (1) for basic form, then it can be written as follow 
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with initial condition 
 
 (4) 
 
 
So, in this paper, we will consider and solve the equation (3) approximately and numerically  
for two different initial condition as (4). 
 
 
2. Reduced Differential Transform Method (RDTM) 
 
Let, suppose that  can be represented two variable function as a product of two 
single variable functions  to show following manner 
 
 (5) 
 
From the similar meaning of definition of Differential Transform Method and its properties, 
we can write the transforming form of RDTM 
 
 (6) 
 
 
where  is called  dimensional spectrum function of  . 
 
 If function  is analytic and differentiated continuously with respect to time  
and space  in the domain of interest, then let 
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Thus, from (7) it can be written the inverse transform of a sequence   
 
 
(8) 
 
 
then combining (7) and (8), we obtain  
 
 
(9) 
 
 
 If we consider the expressions (7),(8) and (9), it's clearly shown that the concept of the 
reduced differential transform is derived from the power series expansion. So, we give a table 
which included fundamental transformation properties of RDTM the following manner.  
 
 
Table 1: Basic transformations of RDTM for some functions. 
Functional Form Transformed Form 
 
 
  
  
  
  
 
 
 
 
  
  
 
 The proofs of Table 1 and the basic definitions of reduced differential transform 
method can be found in [23]. 
 
3. Implementations of RDTM and compared LDM-ADM 
 
3.1. Consider the one-dimensional homogeneous forced foam drainage equation in (3) for the 
initial condition 
 
 (10) 
 
Then, by using the basic properties of the reduced differential transformation,  we can find the 
transformed form of equation (3) as 
 
 
 
 
(11) 
 
and using the initial condition (4), we get 
 
 (12) 
 
Now, put (12) into place (11), from hence we have the  values following 
 
 
 
 
 
(13) 
 
 
Thus, if we continue this process and also the inverse transformation of the set of   
values gives approximate solution of (3) as 
 
 
 
 
 
 
(14) 
 
 
which converges the exact solution of (3) faster than adomian decomposition and laplace 
decomposition method. 
 
 
Table 2: Comparison absolute errors of ADM, LDM and RDTM for ten terms approximation 
with   
x ADM LDM RDTM 
-10 0,202117817743509E-14 0,202117817743510E-14 0,202117817743509E-14 
-8 0,293257141972964E-14 0,293257141972664E-14 0,293257141972964E-14 
-6 0,45650705281285E-15 0,45650705281385E-15 0,45650705281285E-15 
-4 0,11116665360728E-12 0,11116665464828E-12 0,11116665360828E-12 
-2 0,851484003871439E-10 0,851483993870438E-10 0,851484003871439E-10 
0 0,10317037658E-4 0,10317037658E-4 0,10317037658E-4 
 
 
Table 3: Comparison absolute errors of ADM, LDM and RDTM for ten terms approximation 
with   
x ADM LDM RDTM 
-10 0,308694683847448E-15 0,308694683847448E-15 0,308694683847448E-15 
-8 0,507183534943173E-14 0,507183534943173E-14 0,507183534943173E-14 
-6 0,728297653568755E-15 0,728297653568755E-15 0,728297653568755E-15 
-4 0,695712017581145E-14 0,695712017481141E-14 0,695712017581145E-14 
-2 0,682573115077685E-15 0,682574115077685E-15 0,682573115077685E-15 
0 0,1E-15 0,1E-15 0,1E-15 
 
 
Table 4: Comparison absolute errors of ADM, LDM and RDTM for ten terms approximation 
with   
x ADM LDM RDTM 
-10 0,323329724865253E-16 0,323329724865253E-16 0,323329724865253E-16 
-8 0,300092135265223E-14 0,300092135265223E-14 0,300092135265223E-14 
-6 0,733106061807855E-14 0,733106061807855E-14 0,733106061807855E-14 
-4 0,483644638909495E-14 0,483644638909395E-14 0,483644638909495E-14 
-2 0,522768342580599E-14 0,522768342680599E-14 0,522768342580599E-14 
0 0,4E-16 0,4E-16 0,4E-16 
 
 Table 5: The comparison of computation times which computed with Intel(R) Core (TM) i5-
3230M CPU for 1.17 GHz between ADM, LDM and RDTM for equation 3.1. 
Iterations  Cpu times of ADM Cpu times of LDM Cpu times of RDTM 
5 steps 0,747sec 1,212sec 0,488sec 
10 steps 1,316sec 2,813sec 1,025sec 
15 steps 2,67sec 4,656sec 1,846sec 
20 steps 5,235sec 9,478sec 3,738sec 
25 steps 9,755sec 15,910se 5,716sec 
 
 
3.2. Secondly, consider the nonlinear foam drainage equation (3) for different initial value 
such that 
 
 
(15) 
 
Taking differential transform of (3) and the initial conditions (15) respectively, we obtain the 
same transformed form in (11) which has a different initial condition as follows 
 
 
(16) 
 
Then, substituting (16) into (11), we obtain the following   values, 
 
 
 
 
 
 
(17) 
 
Therefore, if we go on this process and the inverse transformation of the set of   
values gives approximate solution of (3) as 
 
 
(18) 
 
 
 
which is similar solution with compared the adomian decomposition and laplace 
decomposition techniques and has also higher accuracy. 
 
 
Table 6: Comparison between ADM, LDM and RDTM solutions of 3.2. at t=1. 
x ADM LDM RDTM 
-10 0,4999557229 0,4999557229 0,4999557229 
-9 0,4998796515 0,4998796515 0,4998796515 
-8 0,4996729266 0,4996729266 0,4996729266 
-7 0,4991114228 0,4991114228 0,4991114228 
-6 0,4975882790 0,4975882790 0,4975882790 
-5 0,4934713173 0,4934713173 0,4934713173 
-4 0,4824500775 0,4824500775 0,4824500775 
-3 0,4536908506 0,4536908506 0,4536908506 
-2 0,3833970310 0,3833970310 0,3833970310 
-1 0,2359453940 0,2359453940 0,2359453940 
0 0,006249674499 0,006249674499 0,006249674499 
 
 
Table 7: The comparison of computation times which computed with Intel(R) Core (TM) i5-
3230M CPU for 1.17 GHz between ADM, LDM and RDTM for equation 3.2. 
Iterations  Cpu times of ADM Cpu times of LDM Cpu times of RDTM 
5 steps 0,745sec 1,182sec 0,491sec 
10 steps 1,524sec 2,514sec 0,994sec 
15 steps 3,292sec 4,499sec 2,245sec 
20 steps 7,068sec 11,518sec 4,095sec 
25 steps 14,153sec 23,32sec 7,681sec 
 
 
4. Conclusions 
 
 Foam Drainage Equation is solved numerically by RDTM and compared with ADM-
LDM. For example 3.1, given solution of RDTM is similar to ADM while it is better than 
LDM. At the same time given solution of RDTM provides the convergence more quickly than 
LDM and ADM as in show Table 5. Figure 1 and 2 indicate that our presented method is very 
effective and powerful. 
 Also, for example 3.2, presented method converges rapidly as well as obtained similar 
results with ADM and LDM as in Table 6 and 7.  
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